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Abstract. Let / : X — s- X be an endomorphism of a normal pro- 
jective variety denned over a global field K 7 and let D , D\,... E 
Div(X) ® C form a Jordan block with eigenvalue A for the ac- 
tion of /* on Pic(A) ® C. We construct associated canonical 
height functions ho k satisfying Jordan transformation formulas 
h-D k ° f = ^hD k +h,D k _ 1 . As an application, we prove that for every 
x G X[K), the arithmetic degree ctf(x) = \\va n ^ 00 hx{j n {x)) 1 / n 
of x exists and is an algebraic integer. Further, for X = E a 
power of a non-CM elliptic curve, we prove that if the orbit of x 
is Zariski dense in X, then Oif(x) is equal to the dynamical degree 
of/. 



Introduction 

Let K be a global field, 1 let X/K be a normal projective variety, 
let h x '■ X(K) — > K. be a Weil height associated to an ample divisor, 
and let h x = ma.x{hx, 1}- We consider an endomorphism / : X — > X 
defined over K and a point x £ X(K). The f -arithmetic degree of x is 
the quantity 

a f (x)= lim h + x (f n (x)) 1/n , 

n— >oo 

if the limit exists; see [5, 9]. The arithmetic degree of x provides a 
rough, but useful, measure of the arithmetic complexity of the /-orbit 
of x. 
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Theorem 1. Let K be a global field, let X/K be a normal projec- 
tive variety, and let f : X — >■ X be a K-morphism. Then for every 
x G X(K), the limit defining the arithmetic degree ctf(x) converges. 
Further, the collection of arithmetic degrees 

{a f (x):xeX(K)} 

is a finite set of algebraic integers. 

Theroem 1 proves, for morphisms, various conjectures stated more 
generally for rational maps in [5, 9]. The proof of Theroem 1 uses an 
extension of the classical theory of dynamical canonical heights [3] to 
Jordan blocks. We recall that if a divisor D G Div(X) c satisfies a 
linear equivalence f*D ~ \D for some A G C with |A| > 1, then the 
classical theory of canonical heights [3] says that for every x G X(K), 
the Tate limit 

h f , D (x)= lim \- n h D (f n (x)) 

n— too 

exists, and the resulting function hf,D '■ X(K) — > C satisfies the follow- 
ing functional equation and normalization condition: 

hf,D°f = Mif, D and h f<D = h D + 0(1). 

We generalize this construction to allow a sequence of divisors that 
form a Jordan block for the action of /* on Pic(X)c- 

Theorem 2. Let X/K be a normal projective variety, let f : X — >■ X 
be a K-morphism, let A G C with |A| > 1, and let 2 

D ,D 1 ,D 2 ,...eDiv(X) c 

be divisors satisfying linear equivalences in Jordan block form, 

f*D ~ \D 

f*D 1 ~ Do + ADx 

f*D 2 ~ D l + \D 2 

Further, for each k, let ho k be a Weil height function associated to the 
divisor D k . 

(a) There are unique functions 

h Do , h Dl ,h D2 , ... : X(K) — > C 
satisfying both the normalization conditions 

h Dk = h Dk +0(l) (1) 

2 For groups such as Div(X), Pic(X) and NS(X), we use subscripts to denote 
extension of scalars, so for example, Div(X)c = Div(X) ® C. 
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and the functional equations 

h Dk of = Xh Dk +h Dlc _ 1 , (2) 

where by convention we set Ud_ x = 0. 
(b) The canonical height functions described in (a) satisfy the recur- 
sively defined limit formulas 




We next make a number of remarks, after which we give a brief 
section-by-section summary of the contents of the paper. 

Remark 3. Iterating (2) gives a general functional equation 

valid for all n > 0; see Remark 9. 

Remark 4. The existence of the limit defining the arithmetic de- 
gree ctf{x) is significant, since it was observed in [5] that the existence 
of oif(x) determines the asymptotic growth of the orbit counting func- 
tion via the formula 

Hm #{n>0:h x (f n (x)) <T} = 1 
t^oo logT loga/(x)' 

where the limit is understood to be oo if etf(x) — 1. 

Remark 5. An elaboration of the proof of Theorem 8 can be used 
to construct local canonical height functions (also sometimes called 
Green functions) that are approrpiately normalized and satisfy analo- 
gous local functional equations. We refer the reader to [3] for a detailed 
description of the case of a single eigendivisor f*D ~ XD. But the fo- 
cus of this paper is on global results, so we have restricted attention to 
that case. 

Remark 6. If the Jordan block linear equivalences in Theorem 2 are 
replaced by algebraic equivalences, then a modification of the proof 
of Theorem 2 gives canonical heights for points satisfying whose (up- 
per) arithmetic degrees are smaller than |A| 2 . These heights satisfy the 
functional equation (2) and a weak form of the normalization condi- 
tion (1). We briefly describe these "algebraic equivalence heights" and 
their properties, without proof, in Section 4. 



(4) 
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We conclude the introduction with a summary of the contents of 
this paper. Section 1 begins by setting notation and proving an ele- 
mentary estimate for powers of a Jordan matrix. In Section 2 we prove 
Theorem 2, which we restate slightly more generally as Theorem 8. 
This gives the existence of canonical heights for Jordan blocks. Sec- 
tion 3 contains the proof of Theorem 1 showing that for morphisms, 
the arithmetic degree exists and has various useful properties. In Sec- 
tion 4 we state, without proof, a version of Theorem 2 in which the 
linear equivalences are replaced by algebraic equivalences. In Section 5 
we study canonical heights and arithmetic degrees on a power E N of 
a non-CM elliptic curve. In this setting we prove that if the orbit of a 
point is Zariski dense, then its arithmetic degree takes on its maximum 
possible value, as predicted by a conjecture in [5]. Finally, in Section 6 
we illustrate the general theory by explicitly computing 3-dimensional 
Jordan block canonical heights for isogenies / : E 2 — > E 2 of the form 
f(x,y) = (ax + by, ay). 

Acknowledgements. The authors would like to thank Rob Benedetto 
for a helpful suggestion that was instrumental in the eventual proof of 
Theorem 1. 



I. Definitions and Notation 

In this section we set notation and give definitions that will be used 
throughout the remainder of this paper. We begin by fixing: 

K a global field. 

X/K a normal projective varitey. 

/ a i^-morphism / : X — > X. 

hx a Weil height on X(K) relative to an ample divisor. 

h x = m&x{h x , 1}. 

Definition. Let x G X(K). The arithmetic degree of x is the limit 

a f (x)= lim h+ x (f n (x)) 1/n , 

n— >oo 

if the limit exists. In any case, the upper and lower arithmetic degrees 
of x are the quantities 

a Ax) = lim inf h + x (f n (x)) V ", a Ax) = lim sup h + x (f n (x)) 1/n . (5) 
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Definition. For a given £ > and A G C, we write A for the (I + 1)- 
dimensional lower Jordan block matrix 



A = 



/A ••• 0\ 
1 A ••• 



\0 ••• 1 A/ 

Since we will be studying relationships between height functions as- 
sociated to many different divisors, it is convenient to use vector- valued 
height functions; cf. [1]. 

Definition. For divisors D , . . . ,Dg E Div(X) c and associated height 
functions ho , ■ ■ ■ , hr> e , we define a (column) vector- valued height func- 
tion 

h D : X(K) — ► C e+l , h D (x) = t (h Do (x), . . . , h Dk (x)). 

If the divisors and heights have been fixed, to ease notation we write 

hk = h Dk for < k < £. 

Definition. We use || • || to denote the sup norm of a vector or a 
matrix, i.e., for vectors a = (a,) and matrices B = with complex 
coordinates, 

||a|| = max |cij| and ||£?|| = max |oy|. 
We will frequently use the elementary triangle inequality estimate 

||Sa|| < dim( J B) • \\B\\ ■ \\a\\. 

We prove two elementary estimates about the powers of a Jordan 
matrix. 

Lemma 7. (a) For all n > I, 

\\A n \\ < nVax{|A|,l} n . 
(b) If v G C e+1 is a nonzero vector, then 

lim ||A"v|| 1/n = |A|. 

Proof. We write A = XI + N with N nilpotent. Then N i+1 = 0, so 

A n = (A/ + N) n = J2 A n-i JV\ 
i=o \ l ' 

(a) Using the nilpotent form of N, we see that the r/ th -entry of A™ is 



A-=(^! j .)A— , 
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where we set (^)A fc = if k < 0, and of course Q)A fc = if k > n. 
Hence 

||A n || = max ( n \\\ n ~ k <n £ max{|A|,l} n . 

0<fc<min{£,ri} \k J " 

(b) If A = 0, then A e+1 = 0, so the result is trivially true. We assume 
now that A ^ 0. We write v = *(t> , . . . ,ve). Then the i th -coordinate 
of A n v satisfies 



Next, since v ^ 0, there is an index < k < t such that 

Vo = ■ ■■ = v k -i = and v k ^ 0. 
Hence the last coordinate of K n v has the form 



(6) 



€ " Ja-^V + o^-^a-) 

= ra'"* A n (7 + O^- 1 )) with 7^0. (7) 
It follows from (6) and (7) that 

lim sup ((A™^) 17 ™ < |A| for alii, and lim | {A n v) e \ 1/n = |A|. 

Hence 

lim ||A ra v|| 1/n = |A|, 

n— >oo 

which completes the proof of Lemma 7. □ 
2. Jordan block canonical heights 

In this section we construct canonical heights associated to Jordan 
blocks in Pic(X) c . These exist for eigenvalues satisfying |A| > 1. We 
also give an estimate that holds for all A. 

Theorem 8. Let A e C, and assume that the divisors Do, D\, . . . , Di e 
Div(X)c form a Jordan block in Pic(X)c, 

f*D ~\D , f*D 1 ~D + \D 1 , ... f*D t ~ De^ + XDe. (8) 
(a) There is a constant C = C(D , . . . , D^, A) such that 
\\h D (f n (x))\\ <CVmax{|A|,l} n - (||M*)|| + l) 

for all x G X(K) and all n > 0. 
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(b) If |A| > 1, then there is a unique function ho '■ X(K) — > C £+1 
satisfying the functional equation 

h D of = Ah D (9) 

and the normalization condition 

h D = h D + 0(l). (10) 

(c) The coordinate functions of the canonical height function 

described in (b) satisfy the recursion relations 



h k (x) 



Hm (\- n h k {f n (x)) - fy^h-iixyj . (11) 



Remark 9. The functional equation for the individual h\ o f n men- 
tioned in Remark 3 follows immediately from the functional equa- 
tion (9). To see this, we iterate (9) to obtain ho o f n = A n fi£), 
expand A n = (XI + N) n using the binomial theorem, and apply the 
fact (already used in the proof of Lemma 7 (a)) that A^- = ) \ n ~' l ~ j . 

Proof of Theorem 8. We define a vector- valued "error function" 

E D : X(K) ->■ R e+1 , E D = h D of - Ah D . 

The assumption (8) that Dq, . . . , Dg form a Jordan block says that 
each coordinate function of is a Weil height function with respect 
to a divisor that is linearly equivalent to zero. A standard property of 
Weil height functions [4, Theorem B. 3. 2(d)] then implies that there is 
a constant C\ such that 

\E D [x)\<C x for all x e X{K). (12) 

We now begin the proof of (a). For N > 1 we consider the telescoping 
sum 

N-l 

h D of N = A N h D + ]T a^-"- 1 {h D o r +i - Ah D o r) 

n=0 
N-l 

= A N h D + ^ N ~ n ~ l E D o r . 

n=0 

To ease notation, we let 

|A + | = max{|A|, l}, 
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so Lemma 7(a) says that ||A n || < r/|A + | n . For x G X{K) we compute 



hn(f N (x))\\ 

A N h D (x)\\ + Y,\\ AN ~ n ~ lE n(f n ( x 



N-l 

< ]] 

n=0 

N-l 



< (£+ i)\\a n \\ ■ \\h D ( X )\\ + Y,^+ l )\\ AN ~ n ' 1 \\ ■ \\ E o{f r 

< {£+l)N e \\ + \ ■ \\h D (x) 



x 



n=0 



N-l 



+ {i + 1) y,( n - n - i/iAT~ n_1 ■ \\E D (f n (x)) || 

from Lemma 7(a), 



n=0 



< (£+l)N e \\ + \ N ■ \\h D (x 



N-l 



+ (£ + 1) J2( N ~ n ~ l) € |AT" n-1 Ci from (12), 

?1=0 

< {t+l)N l \\ + \ N ■ \\h D (x)\\ + C 1 (£+l)N e \X + \ N . 



This completes the proof of (a). 

We next show that there is at most one vector-valued height func- 
tion hu satisfying the conditions given in (b). So we suppose that h D 

is another such function, we let g D = ho — h D , and we prove by con- 
tradiction that g D = 0. So we suppose that there is a point x G X(K) 
such that g D (x) ^ 0. 

Taking the difference of the functional equations for h D and h D 
gives a functional equation 

9d° f = a 9d (13) 
for g D . This allows us to compute 

|A + | = limsup||A ri g_ D (x)|| 1 ^ n from Lemma 7(b), since g D (x) ^ 0, 



= limsup||^(r(a;))|| 1/n from (13), 

n—yoo 

= limsup||^r>(/ n (^)) - h' D (f n (x)) || 1/n definition of g D , 



1/n 
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<\imsup(\\h D (f n (x)) - h D (f n (x))\\ 

n— s-oo ^ 

+\\h' D (r(x)) - h D (r(x))\\) 

< 1 from (10). 

Hence |A| < 1, which contradicts the assumption in (b) that |A| > 
1. This contradiction completes the proof that g D = 0, which shows 
that h D is uniquely determined by (9) and (10). 

The assumption that |A| > 1 allows us to estimate the norm of the 
negative powers of A as follows: 



||A-»| 



XI + N) 

i 



i=0 



—n 



\- n+l N 



since N e+1 = 0, 



-n+e 



< \M~ 

< C 2 n e \\\- n 



(£ + 1) • max 

v o<i<e 



-n 



(14) 



where the constant C 2 depends on £ and A, but does not depend on n. 
Claim 10. For all x G X{K), the vector-valued series 



h D {x) := h D (x) + J2^ n ' 1 E D (f n (x)) 



(15) 



?1=0 



is absolutely convergent and defines a vector-valued height function 

h D : X(K) R e+1 satisfying \\h D (x) - h D (x)\\ < C 
for a constant C that is independent of x. 
Proof We compute 



n=0 



£||A— 'Eninx^W < (^+1)^||A— 1 || ■ \\E D (r(x) 

n=0 

oo 

< C 3 J2 ne \ X \~ n \\E D {f n (x))\\ from (14), 



n=0 



< C 3 dJ2 ne \M~ n from (12), 



n=0 



< C 4 since |A| > 1 by assumption. 
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This shows that the series appearing in (15) is absolutely convergent, 
while simultaneously giving the desired upper bound for — 
which completes the proof of the claim. □ 



Claim 10 gives us a well-defined function h D : X(K) — > that 
satisfies the normalization condition (10). It remains to prove that ho 
satisfies the functional equation (9). Since we know that the series 
defining hp is absolutely convergent, the proof is a formal calculation 
using the definitions of ho and Ed- Thus 

cn+l 



h D of = h D of + ^A^Ed o f 

n=0 

oo 

n=l 

oo 

= h D of~E D +J2 a ~ ue d o r 

n=0 

oo 

= Ah D + A J2 A" n_1 ^o o P 

n=0 

= Ah D . 

(c) We have already proven that the canonical height function ho 
exists and satisfies a normalization condition and a functional equation. 
In particular, the normalization condition implies that 

h D of n = h D of n + 0(l). (16) 

We compute 

ho — h D + \~ n (h D o f n — A n h D ) from the functional equation, 

= \- n h D o r - ((A -i A) n - i)h D + \- n (h D o r - h D o r) 

= X n h D of n - ((A _1 A) n - l)h D + 0{\~ n ) from (16), 
= \- n h D o f n - ((/ + A _1 iV) n - I)H D + 0{\~ n ) 



\- n h D of n -J2 Q \~ l N l H D + 0(\~ n ) since N i+1 



0. 



i=l 

Evaluating at x and letting n — > oo yields 



h D (x) = Urn ^\- n h D (P(x)) - Q ^N'hnix) j . (17) 
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Multiplication by the matrix N is the right-shift operator 

*(a , ...,a e )\ — > *(0, a , . . . , a*_i), 

so the A; th -coordinate of N l h£>{x) is fofc_j. (By convention we set hj = 
if j < 0.) This shows that the vector formula (17) is a succinct way of 
writing the formulas (11) that we are trying to prove. □ 

3. AN APPLICATION TO ARITHMETIC DEGREES 

In this section we prove Theorem 1, which says that for morphisms 
/ : X — > X, the arithmetic degree (Xf(x) of a point x G X{K) exists, is 
an algebraic integer, and takes on only finitely many values as x ranges 
over X(K). 

We recall that the lower and upper arithmetic degrees (5) are defined, 

respectively, to be the liminf and limsup of h x (f n (x)) 1//n . It is proven 
in [5, Proposition 13] that the values of &f(x) and ctf(x) do not depend 
on the choice of the ample height function hx- 

Before beginning the proof of Theorem 1, we note that the equiva- 
lence class of Weil height functions associated to a divisor D G Div(X) c 
consists of complex valued functions 

h D : X(K) — > C 

obtained by writing D as a linear combination 

D = ciDi H h c t D t with c,GC and D { e Div(X) 

and setting 

h D = cih Dl H h c t h Dt + 0(1). 

On the other hand, we note that the concept of ample divisors only 
makes sense in Div(X) K , not in Div(X) c . Despite this potential prob- 
lem, the following useful lemma uses divisors in Div(X)c to say some- 
thing about arithmetic degrees, whose definition requires using a height 
associated to an ample divisor. 

Lemma 11. Let f : X — > X be a morphism, let D G Div(X)c by any 
divisor, and let x G X(K). Then 

a Ax) > liminf \h D (f n (x)) \ 1/n . (18) 

Proof. If 

\im\h D (f n (x))\ ^oo, 

then the right-hand side of (18) is less than or equal to 1, so (18) is 
automatically true, since the definition of (Xj(x) ensures that (*f(x) > 1. 
We may thus assume that \ho{f n {x)) \ —¥ oo. 
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Any two nontrivial norms on C are related by \z\\ x \z\ 2 , so the 
right-hand side of (18) is independent of the chosen norm on C. We 
will use the norm \a + bi\ = max{|a|, |6|}. We write 

£> = £>i + iD 2 with D±,D 2 e Div(X) R . 

We fix an ample divisor H e Div(X). Then there is an e > so that 
the four divisors 

H + eD u H-eD u H + eD 2 , H - eD 2 

are all in the ample cone. Since H is ample, we may choose a height 
function hn for H satisfying hn > 0. 

Using standard properties of height functions, we estimate 

max {h H+eDl , h H _ eDl } = h H + emax{/i Dl , -h Dl } + 0(1) 

= h H + e\h Dl \+0(l) 

>e\h Dl \+0(l), 

where the last line follows because hn > 0. Replacing D\ with D 2 gives 
an analogous inequality, so we find that 

max{h H+eDl ,h H - eDl ,h H+eD2 ,h H - eD2 } > emax{\h Dl \ , \h D2 \} + 0(1) 

= e\h D \+0(l). (19) 

We now evaluate (19) at f n (x), take the n th -root, and take the liminf 
as n — ?■ oo. Since the divisors H ± eDi are all ample, we can use the 
fact that (Xf(x) may be computed using any ample divisor [5, Propo- 
sition 13] to deduce that the left-hand side of (19) goes to af{x). On 
the other hand, since e > and |/i_o(/ n (^)) | — > oo, we see that the 
right-hand side of (19) is equal to liminf (/^(/"(x)) | 1//ri . □ 

Proof of Theorem 1 . We recall that the Picard group of X fits into an 
exact sequence 

— > A — > Pic(X) — > NS(X) — > 0, 

where A = Pic°(X) is an abelian variety defined over K, and where the 
Neron-Severi group NS(X) is a finitely generated abelian group by the 
theorem of the base [6, Chapter 6, Theorem 6.1]. Taking Gel(K / K)- 
invariants gives an exact sequence 

— > A{K) — >■ Vic(X)(K) — >■ NS(X)(K). 

We note that if K is a number field, then the classical Mordell-Weil 
theorem [6, Chapter 6, Theorem 1] says that A(K) is finitely generated, 
and hence in the number field case we see that Pic(X)(K) is a finitely 
generated abelian group. On the other hand, if K is a function field 
over the constant field k, then the relative Mordell-Weil theorem [6, 
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Chapter 6, Theorem 2] says that A(K)/r K / k (A)(k) is finitely gener- 
ated, where r K / k (A) denotes the K/k-trace of A. In particular, if A 
has no constant part, i.e., if r^/kiA) = 0, then Pic°(X)(K) is finitely 
generated. We are first going to prove Theorem 1 under the 

Assumption: Pic(X)(K) is a finitely generated abelian group. 

At the end we briefly indicate how this assumption may be removed. 
The map / induces a C-linear transformation 

/* :Pic(X)(K)c^Pic(X)(K) c 

of the finite-dimensional complex vector space Pic(X)(K)c. We choose 
divisors E ± , . . . , E p e Div(X) c whose divisor classes form a basis for 
P'\c(X)(K) c such that the associated matrix of /* is in Jordan normal 
form. Thus for each 1 < i < p, we have either 

rE^X^ or f*Ei~ XiEi + Ei-u 

where by convention we set E — 0. 

Relabeling the divisors, we may assume that 

| Ai| > |A 2 | > • • > | A CT | > 1 > |Vn| > • • > \X P \. (20) 

Theorem 8(d) and Remark 4 tell us that for each 1 < % < cr, there is a 
canonical height function having various useful properties, includ- 
ing 

h Ei = h Ei +0(l) (21) 

and 

hE t (f n (x))=J2 r rV.W, (22) 

3=0 

where £(i) is chosen so that E iy Ei-i, . . . , Ei-£^ is the appropriate piece 
of the Jordan block that contains Ei. 

On the other hand, for o < i < p, taking the n th -root of Theo- 
rem 8(a) and using the fact that |Aj| < 1 for these i, we find that 

limsup^ (/"(*)) | 1/n < 1. (23) 

n— >oo 

Now take a point x G X(K). We first consider the case that fiE^x) ^ 
for some 1 < i < cr. We let k be the smallest such index, so 

h Ek (x) ^ and He^x) = h Ek _ 2 (x) = ■ ■ ■ = h El (x) = 0. (24) 
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Then 

i(k) 

h Ek (fW) = J2 (") K~ r h Ek Jx) from (22), 

= \fh Ek (x) from (24). (25) 

This allows us to estimate 

<Xf( x ) > liminf \h E , (/ n (x)) | 1//n from Lemma 11, 

> liminf (|^ t (/ n (x))| -0(l)) 1/n from (21), 

= liminf |A^ Bfe (x))| -0(1) from (25), 

— \\k\ since |Afc| > 1 and h Ek (x) ^ 0. (26) 

In order to find a complementary upper bound, we note that since X 
is projective and defined over K, we can embed X in and take 
a i^-rational hyperplane section to find a (very) ample divisor H G 
Div(X)(K). We write the divisor class of H in Pic(X)(K)c in terms 
of our basis, 

H ~ C\E\ + • • • + CpEp with c±, . . . , c p e C. 

Since |Afc| > 1, we can fix an e satisfying < e < |A^| — 1 and compute 
as follows, where the big-0 constants are independent of n: 

hH{nx)) = j^ Cl h Ei (nx)) + o{i) 
i=i 

= £ (f n (x)) + 0(1) + £ Ci h Ei (f n (x)) from (21), 



i=l i=u+l 



J2cih Ei {f n (x))+0{(l + er) (27) 
4=1 from (23), since |Aj| < 1 for a < i < p, 



= J2c i h Ei (r(x))+0((l + e) n ) from (24), 

i=k 

<0 \ max n p \Xl\ J + 0((1 + e) n ) from (22), 
yfc<i<<7 y 

< 0(n" | Afc| n ) +0((l + e) n ) from (20), 

<0{n p \\ k \ n ) since e < |A fc | - 1. 
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Hence 

a f (x) = limsuph H (f n {x)) 1/n < limsup 0{n p \\ k \ n ) 1/n = \X k \. (28) 

n— ►oo n— 5>oo 

Combining (26) and (28) gives 

|Afc| < a f (x) < a f (x) < \X k \, 

which completes the proof that if h Ek (x) ^ 0, then 

a f (x)= lim h H {f n (x)) 1/n = \\ k \. 

n—>oo 

It remains to deal with the case that 

h El (x) = ■■■ = h E<7 (x) = 0, 

which using (22) implies that 

hE 1 (r(x)) = --- = h Ea (f n (x))=0 foralln>0. (29) 

Substituting (29) into the earlier calculation of h H (f n (x)) , more specif- 
ically into the line labeled (27), we find that 

h H (r(x))=0((l + e) n ). 

So taking n th -roots and letting n — >■ oo gives 

oif(x) = lim sup hff (/ n (a;)) 1 ^ n < 1 + e, 

n— >oo 

and since this holds for all e > 0, we find that 

a f {x) < 1. 

But it is clear from the definition that cxj{x) > 1, so we conclude in 
this case that the limit defining otf{x) exists and is equal to 1. 

This completes the proof that the limit defining the arithemtic degree 
exists. Further, we have shown that either cxf(x) = 1, or else a/(x) is 
equal to one of the eigenvalue of the linear transformation 

/* : Pic(X)(K) c Pic(X)(K) c , (30) 

where Pic(X)(K) c is a finite-dimensional C- vector space. However, 
the C-vector space map (30) is in fact induced from the Z-linear lattice 
map 

Pic(X)(K) r v PH X )( K ) 
Pic(X)(K) tors y Pic(X)(K) tors 



Z p > V 

so the eigenvalues of /* are algebaic integers. Consequently the arith- 
metic degree etf(x) is also an algebraic integer. Finally, we note that 
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the set of eigenvalues of /* acting on Pic(X)(K)c is a finite set that 
does not depend on the point x, so cxf(x) takes on only finitely many 
values as x ranges over X(K). 

Finally, we briefly discuss what to do if K is a function field over k 
and if A = Pic°(X) has non-trivial K/k-trace. One possibility is to 
adjust each of the Jordan block linear equivalences (8) by adding a 
divisor whose divisor class lies in TK/k(A)(k) and use the fact that 
the corresponding height functions are negligable. Alternatively, we 
can work instead with a Jordan block basis for NS(X)c and replace 
the Jordan block linear equivalences with algebraic equivalences. This 
requires the construction of canonical heights associated to algebraic 
equivalences as described in Section 4. Using these heights, one can 
show that Oif(x) exists and is either equal to f or to one of the eigen- 
values of /* : NS(X) C ->■ NS(X) C , which eliminates the role of Pic°(X) 
in the proof; see Remark 15. □ 



4. Canonical Heights for Algebraic Equivalence 

Polarizations 

In this section we state an analogue of Theorem 2 in which the linear 
equivalences are replaced by algebraic equivalences. We omit the proof 
which, mutatis mutandis, is similar to the proof of Theorem 2. 

Theorem 12. Let X/K be a normal projective variety, let f : X — >■ X 
be a K-morphism, let A £ C, and let 

XW(K) = {xe X(K) : a j{x) < |A| 2 }. 

Let D , Di, . . . , Dp e Div(AT)c be divisors that form a Jordan block with 
eigenvalue A for the linear transformation f* : NS(X)c — > NS(X)c, 
i.e., 

f*D = XD , f*D 1 = D + XD 1 , ... fDe^De^ + XDe, (31) 

where = denotes algebraic equivalence. Then there is a unique function 
ho '■ X^(K) — >■ C i+1 satisfying the functional equation 

ho ° f — A/io 

and the normalization condition 

l/ra 

limsup h D (f n (x)) - h D {f n (x)) < afix) 1 ' 2 . (32) 

n^oo 

The coordinate functions of ho satisfy the recursion relations (3) stated 
in Theorem 2. 
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Remark 13. If a divisor D is algebraically equivalent to 0, i.e., D = 0, 
then a classical height estimate [6, Chapter 4, Corollary 3.4] says that 
ho = °{hx)- This estimate is not strong enough to prove Theorem 12. 
Instead we use the stronger estimate ho = ^((/i^) 1 / 2 ), which follows 
from the Neron-Tate theory of canonical heights on abelian varieties; 
see [4, Theorem B.5.9]. 

Remark 14. Continuing with algebraic equivalence relations as in 
Theorem 12, if we further assume that the eigenvalue is sufficiently 
large, then we can obtain a stronger result. More precisely, if the 

1/2 

eigenvalue A satisfies |A| > <y > 1, where 5/ is the dynamical degree 
of /, then [5] tells us that X ( - X \K) = X(K), and the weak normal- 
ization condition (32) in Theorem 12 may be replaced by the stronger 
condition 

h D = h D + O ((/ii) 1/2 ) . 

The proof, which we omit, again follows the lines of the proof of The- 
orem 12, but uses a key height inequality proven in [5]. 

Remark 15. Our proof of Theorem 1 shows that if otf{x) > 1, then 
c*f(x) is equal to an eigenvalue of the linear transformation 

f*:Pic(X)(K) c ^Pic(X)(K) c . 

The vector space Pic(X)(K) c clearly depends on K and may increase 
as K is enlarged. Using Theorem 12 and suitably modifying the proof 
of Theorem 1, one can show that in fact etf(x) > 1 is equal to an 
eigenvalue of /* : NS(X) C — > NS(X) C , so there is in fact no need to 
consider the contribution from Pic (X)(K). 

5. ENDOMORPHISMS OF A POWER OF AN ELLIPTIC CURVE 

In this section we consider canonical heights and arithmetic degrees 
for isogenies of an abelian variety X = E N that is a power of a non- 
CM elliptic curve E/K. To simplify some of the arguments, we will 
consider only the case that K is a number field, although most of 
the results are true over characteristic function fields as long as E 
is geometrically non-isotrivial. Further, since our primary goal is to 
illustrate the arithmetic theory, we sketch or omit proofs of some well- 
known exercises from algebraic geometry. 

Definition. The dynamical degree of a morphism / : X — > X, de- 
noted Sf, is the spectral radius of the linear transformation 



/* : NS(X) C -)• NSpQc 
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i.e., 5f is the magnitude of the largest eigenvalue of /*. More generally, 
if / is only assumed to be a rational map, then 5f is the limiting value 

of SpecRad((/ n )*) 1/n as n ->■ oo. 

If / : X X is a rational map and x G X{K) is a point whose 
/-orbit Of(x) := {f n (x) : n > 0} is well-defined, then it is proven in [5] 
that one always has the inequality 

a f (x) < 5 f . (33) 

It is conjectured in [5] that otf(x) exists, is an algebraic integer, takes 
on only finitely many values, and further, if Of(x) is Zariski dense in X, 
then (33) is an equality. The following theorem proves this conjecture 
for a power of a non-CM elliptic curve. 

Theorem 16. Let E/K be a non-CM elliptic curve defined over a 
number field, let X = E N , and let f : X — >■ X be an isogeny defined 
over K . 

(a) For every x G X(K), the limit defining the arithmetic degree 
ctf{x) converges, and the collection of arithmetic degrees 

{a f (x):xeX(K)} 

is a finite set of algebraic integers. 

(b) Let x G X{K) be a point whose orbit Of(x) is Zariski dense is X . 
Then Oif(x) = Sf. 

Writing points of X = E n as x = (x 1: . . . , x N ), we define projections 
and summation maps on X by 

7Tj : X — y X, o~ij : X — y X, 

*Xs I ^ Xi *K I ^ X ^ | Ol j 

and we use these maps to define divisors 

Hi = tt*(0) for 1 < i < N, 

Hij = o$(0) - <(0) - n*(0) for 1 < j < i < N. 

The Neron-Severi group of X has rank \{N 2 + N), and the set of 
divisors 

{Hi : 1 < % < N} U {Hij :l<j<i<N} 
is a basis for NS(X) K . This follows from the general description of 
NS(X) for abelian varieties; see [7]. It is convenient to identity NS(X) R 
with the space of symmetric N-hy-N matrices as follows. To the class 
of a divisor 

N 

F = J2<*i H i+ Yl HjHije Diy(X) R , (34) 

i=l l<j<i<N 
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we assign the real symmetric matrix M F given by 



/ Oil 721 
721 «2 
731 732 



731 
732 
«3 



7jvi\ 

77V2 
7JV3 

a N ) 



(35) 



\lN\ lN2 lN3 

An intersection theory calculation then gives the following criterion 
for a divisor F € Div(X)]R to be nef. 

Proposition 17. The divisor F = ^2 a iHi + 'YlilijHij £ Div(X)R %$ 
nef if and only if its associated matrix M F is positive semi-definite. 

We denote the classical Neron-Tate on E by hp '■ E{K) — > R, and 
we write 

(P, Q) E = h E (P + Q)- h E {P) - h E (Q) 
for the associated bilinear pairing, so in particular (P,P) E = 2h E (P). 
We note that h E extends to a positive definite quadratic form on 
E(K)r; see [8, XIII §9]. We next relate canonical heights on X = E N 
to the classical canonical height on E. 

Proposition 18. Let F e Div(X)k be a divisor satisfying 
f*F = XF for some A G C satisfy |A| > I. 

{Note that this is an algebraic equivalence, not a linear equivalence.) 

(a) For all x e X(K), the limit 

h F (x) = lim \- n h F (f n (x)) 

converges, and the resulting function h E : X(K) — > R satisfies 
h E o f = \h E and h E = h E + 0(l). 

(b) Write F in terms of the basis described in Proposition 17(a) as 

F = Y, a * H * + Yl 7ij H H e Div(X) M . 
Then the function h E is given by the explicit formula 

N 

h F (x) = S ^2a i h E (x i ) + ^2 lij( x i, x j)E- 

i=l l<j<i<N 

(c) Assume further that F is a non-zero nef divisor and that X = 5j > 
1 is the dynamical degree of f . Then there is a proper algebraic 
subgroup Y C X such that 

{x E X(K) : h F (x) = 0} C Y + X tms . 
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(d) Continuing with the assumptions in (c) that F is a non-zero nef 
divisor and that A = 5f > 1, let x e X(K) be a point satisfying 
h F (x) = 0. Then the f -orbit Of(x) of x is not Zariski dense 
in X . 

Proof. Let 

N 

g F (x) = *Y^aih E {xi) + ^ lij( x h x i)E 

i=l l<j<i<N 

be the function described in (b). Using standard properties of height 
functions, we compute 

h x , Hi (x) = h x ^ m {x) + 0(1) = h EAO ){xi) + 0(1) = h E { Xi ) + 0(1) 
and 

hxMjix) = h x ,*t.{o){x) - h x ,n*(o)(x) - h x ,^(0)(x) + 0(1) 
= h E:i0 )(xi + Xj) - h E ,(o){xi) - h E ,(p){xj) + 0(1) 
= h E (xi + xj) - h E (xi) - h E (xj) + 0(1) 
= (xi,Xj) E + 0(1). 

Hence 

N 

i=l l<j<i<N 
N 

= ^2aih E (xi)+ Y lij(xi,Xj) E + 0(1) 

i=l l<j<i<N 

= g F {x) + 0(l). 

We next check that g F ° f = ^9f- Since E does not have CM, the 
endomorphism / : X — > X is given by an N-bj-N matrix Af having 
integer coefficients. This allows us to write / as 

f(x) = A r x. (36) 

Then using the identification F -H- M E given by (35), which identi- 
fies NS(X)k with the group of symmetric real matrices, an intersection 
theory calculation shows that the action of /* on NS(X) K is given by 
conjugation by Af, i.e., 

M f * F = l A f ■ M F ■ A f . (37) 

We now make the convention that "multiplication" of two points 
in E(K) K is via the height pairing, i.e., 

X j • Xj (x j , Xj ) E . 
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Then using the fact that the height pairing is bilinear, a short calcula- 
tion shows that gp may be succintly written as 

g F (x) = *cc • Mp ■ x. (38) 

Hence 

gp o f(x) = hp(Afx) from (36), 

= \A f x) ■ M F ■ (A f x) from (38), 
— t x- t Af- Mp ■ Af ■ x 

= t x-M f *p-x from (37), 

= *£c • M\p ■ x since f*F = XF, 
= l x ■ \M F ■ x 

= \g F of{x) from (38). 

This completes the proof that gp o f = \g F . 
We now compute 

g F {x) = lim X~ n g F (f n (x)) since g F o / = \g F , 

= lim \- n (h F (f n (x)) + 0(1)) since h F = g F + 0(1), 

n— >oc 

= lim \~ n h F (f n (x)) since |A| > 1 by assumption. 

This proves that the limit hp in (a) converges and is equal to the func- 
tion described in (b). It also proves that hp has the properties stated 
in (a), since we proved that gp has these properties. This completes 
the proof of (a) and (b). 

(c) We take a point x satisfying h F (x) = 0, or equivalently 

l x ■ M F ■ x = 0. 

We are assuming that F is nef, so Proposition 17 tells us that the 
matrix Mp is postive semi-definite, and the assumption that F ^ 
implies that Mp ^ 0. 

Since the matrix Mp is positive semi-definite and non-zero, we can 
write the associated quadratic form as a non-trivial sum of squares. 
Thus we can choose non-zero vectors a±, . . . , a r G with 1 < r < N 
so that the quadratic form associated to Mp has the form 



l zM F z = J^Coj • zf for z G 



1=1 

In particular, we have 

l zM F z = t a 1 ■ z = • • • = t a r ■ z = 0. 
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Applying this to x and the canonical height pairing on E, we see 
that the assumption that h F (x) = implies that 

h E (^ai ■ x) = ■ ■ ■ = h E (^a r . ■ x) — 0. 

We now use the fact that h E is positive definite on E(K) K [8, XIII §9] 
to conclude that 

t a 1 ■ x — ■ ■ ■ — t a r • x — O in E(K) R . 

In particular, setting a — a\ to ease notation, we have proven that 
x is in the kernel of the non-trivial M-linear map 

<p a : X(K)jt — >■ E(K) R , y^'a y. 

But x is in the Q-linear subspace X(K)q of X(K) R: so x is an element 
of the Q-linear subspace 

ker(v? a ) nX(K) Q 

of X(K)q. Further, since a^O, elementary linear algebra shows that 
this intersection is not all of X(K)q, so we can find a non-zero integral 
vector b G 7L N such that 

ker(v9 a ) n X(K) Q C{ye X(K) Q : t b.y = 0}. 

We note that b depends only on a, which in turn depends only on the 
divisor F; in particular, the vector b does not depend on the point x. 
We let 

Y b = {yeX(K) : t b-y = 0}, 

so Y b is a proper algebraic subgroup of X. (We do not require that Y b be 
connected.) Since the kernel of X(K) — > X(K)q is precisely X(K) toIS , 
we have proven that that 

{x E X(K) : h F (x) = 0} C Y b (K) + X(K) tors , (39) 

which completes the proof of (c). 

(d) We assume that x e X(K) is a point satisfying h F (x) = 0. Then 
for all n > we have h F (f n (x)) = 8 1 f h F (x) = 0, so (39) tells us that 

f n (x) = y n + t n with y n e Y b (K) and t n G X(i?) tors . 

Let L = K(x) be the number field generated by x. Then Of(x) C 
X(L), so using the fact that t b ■ y n = and '6 • t n G E(K) tOTS , we find 
that 

*b • t n = *6 • y n + '6 ■ t„ = % ■ f n (x) G E(L) tors . 
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We note that E(L) tors is a finite set, since L/K is a finite extension. 
For each z G E(L) toIS , we fix a point u z G X(K) satisfying l b u z = z. 
Then 

O f (x)c |J { y + teX:i/ey t) tex tas /6.t = 4 

2gi?(L)tors 

zei?(L) tors 

= |J {sel: ( 6-(s-u 2 ) = 0} 

zeE(L)tors 

= U (Y„ + tO. 

Zg-E(Z/)tors 

Thus Of(x) is contained in a finite union of translates of Yj,, so it is 
not Zariski dense in X. □ 

Proof of Theorem 16. Theorem 16(a) is a special case of Theorem 1, 
so we are left to prove (b). Further, if 5f — 1, then we have otf(x) = 1 
for all x, so (b) is a tautology. We may thus assume that 5f > 1. 

It is a general fact that given any endomorphism / : Y — > Y 
of a any projective variety, there is always a non-zero nef eigendivi- 
sor F G NS(Y~) R satisfying f*F = 5 f F; cf. [5, Remark 28]. (This is 
true more generally if / is an algebraically stable rational map.) The 
existence of such an F follows from an elementary Perron-Frobenius- 
type result of Birkhoff [2] applied to the vector space NS(Y)r, the linear 
transformation /*, and the nef cone in NS(Y)r. We let F be such a 
divisor for our variety X = E N and our endomorphism /. 

We now compute 

otf{x) > liminf |/ip(/ n (a;)) l^™ from Lemma 11, 

n— >oo 

= liminf I h F (f n (x)) + 0(l)| 1/n from Proposition 18(a), 

= liminf 1 5 n f h F (x) + 0(l)\ 1/n from Proposition 18(a), 

= 5f since Proposition 18(d) and the assumption 

that Of(x) is dense in X imply that Iif{x) ^ 0. 

But we always have aif(x) < 5f ([5, Theorem 4]), which completes the 
proof that ctf(x) = 5/. □ 

Question 19. Let K be a number field. Suppose that the dynamical 
degree of / : X — > X satisfies 5f > 1, and let F G Div(X) R be a divisor 
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satisfying f*F ~ SjF. What can one say about the set 

X f:F := {x G X(K) : h f , F (x) = 0}? (40) 

If F is ample, then the normalization condition hf tF = hp + 0(1) shows 
that Xf tF is a set of bounded height with respect to an ample divisor, 
which provides a great deal of information. However, if we only assume 
that F 7^ is nef, then the situation is far less clear. But one might 
hope that Xf jF is still small in some appropriate sense. For example, 
is it true that if x G Xf jF , then its /-orbit is not Zariski dense in XI 
If so, then we could prove that 

Of(x) is Zariski dense ==>- ®f(x) = 5/ (41) 

by using the following two facts: 

(1) There always exists at least one non-zero nef divisor F satisfying 
f*F = 5jF (although there need not exist an ample divisor with 
this property). 

(2) If Sf > 1 and hf >F (x) ^ 0, then aj(x) = 5j. 

This is how we proved (41) when X = E N . We note that (41) was 
conjectured more generally for rational maps in [5, 9]. 

6. An example of a Jordan block canonical height 

In this section we consider the square X = E 2 of a non-CM elliptic 
curve E/K and endomorphisms of the form 

/ : X — > X, f(x,y) = (ax + by,ay) 

with a, b G Z satisfying \a\ > 2 and 6^0. Then with notation as in 
Section 5, the map / and the divisor F = aH\+ f3H 2 + 7^12 G Div(X)]R 
have associated matrices 

A, = (« ») and M F = (^) . 

The action of /* on NS(X) K is given by 

M f * F = l A f ■ M F ■ A f , 

so in particular we have 

n , _ fa 0\ (1 0\ (a b\ _ fa 2 ab\ 
M ^ 'Kb a)\0 0) {0 a) ~ \ab b 2 ) ' 

— - {i 9 (s 9 (0 9 - (s ■ 
— - (; 9 (; J) (0 9 - p i) • 
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From this we easily construct divisors 

D = 4a 3 b 2 H 2 , D 1 = 2a 2 bH 12 , D 2 = 2aH 1 - bH 12 

that form a Jordan block basis for NS(X) R , 

f*D = a 2 D , f*D 1 = a 2 D L + D , f*D 2 = a 2 D 2 + D 1 . 

There are Jordan block canonical heights associated to {D , D\, D 2 }. 
An argument similar to the proof of Proposition 18 allows us to express 
them in terms of the canonical height pairing on E. We summarize the 
result in the following proposition. 

Proposition 20. Let E/K be an elliptic curve without complex mul- 
tiplication, let (•, -) E be the Neron-Tate pairing on E, let a,b e Z 
satisfy \a\ > 2 and b ^ 0, and let f be the isogeny 

f:E 2 ^ E 2 , f(P, Q) = (aP + bQ, aQ). 

Then NS(-E 2 ) has rank 3, and the action of f* on NS(E 2 )^ consists 
of a single Jordan block with eigenvalue a 2 . There is a Jordan basis 
for NS(.E 2 )r so that the three canonical heights 

h Do (xi,x 2 ) = Aa 3 b 2 (x 2 ,x 2 ) E , 

h Dl (x 1 ,x 2 ) = 2a 2 b{x 1 ,x 2 ) E , 

h D2 (x 1 ,x 2 ) = (x 1 ,2ax 1 -bx 2 ) E , 

satisfy h Ek = h Ek + 0(1) and 

hD o f = a 2 h DiV h Dl o / = a 2 h Dl + h Do , h D2 o f = a 2 h D2 + h Dl . 
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